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Neural Networks

Large number of parameters

+

Nonlinearities via activation 
functions

+
Layer-wise functional components

Difficult to interpret

https://www.learnopencv.com/number-of-parameters-and-tensor-sizes-in-convolutional-neural-network/



Non-local Representations

Layer Depth



Non-local Representations

Layer Depth

Representations Distributed Layer-wise



Network Structure High dimensionality 
and multiple scales

Nonlinearities Global representations 
with inclusion
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Persistent 
Homology

https://towardsdatascience.com/breaking-neural-networks-with-adversarial-attacks-f4290a9a45aa



Neural Networks as 
Graphs

• Two Views:
• Static Network

• Gabella et al.
• Rieck et al.

• Induced Network
• This talk

• Connectivity Types:
• Fully Connected
• Convolutional
• Pooling
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Activations layer 

Parameters layer 
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Neuron
�(u, v) = |wu!vhu|

<latexit sha1_base64="syjcIffSoBV7BpOILWN/+Ls0qxw="></latexit>
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<latexit sha1_base64="+OCMx3Y7JdtpVNxGypPs3jETkN4=">AAACFXicbVC7SgNBFL0bXzG+opY2g4lgFXZjoWXQxjKCeUCyhNnJbDJkZmeZmQ2EJR9hJei32ImttZ9i52yyhSYeuHA451449wQxZ9q47pdT2Njc2t4p7pb29g8Oj8rHJ20tE0Voi0guVTfAmnIW0ZZhhtNurCgWAaedYHKX+Z0pVZrJ6NHMYuoLPIpYyAg2VuqUqtOBVy0NyhW35i6A1omXkwrkaA7K3/2hJImgkSEca93z3Nj4KVaGEU7npX6iaYzJBI9oz9IIC6r9dBF3ji6sMkShVHYigxbq74sUC61nIrCbApuxXvUy8V8vU4yUXP8JkAZiJZAJb/yURXFiaESWecKEIyNRVhEaMkWJ4TNLMFHMvoTIGCtMjC0y68pbbWadtOs176pWf6hXGrd5a0U4g3O4BA+uoQH30IQWEJjAE7zAq/PsvDnvzsdyteDkN6fwB87nD6BznqY=</latexit>

Neuron
vn

<latexit sha1_base64="cuEftlBrZKYaWDfkpM6vr6XXCww=">AAACFXicbVC7SgNBFL0bXzG+opY2g4lgFXZjoWXQxjKCeUCyhNnJbDJkdmaZmQ2EJR9hJei32ImttZ9i52yyhSYeuHA451449wQxZ9q47pdT2Njc2t4p7pb29g8Oj8rHJ20tE0Voi0guVTfAmnImaMsww2k3VhRHAaedYHKX+Z0pVZpJ8WhmMfUjPBIsZAQbK3VK1elAVEuDcsWtuQugdeLlpAI5moPyd38oSRJRYQjHWvc8NzZ+ipVhhNN5qZ9oGmMywSPas1TgiGo/XcSdowurDFEolR1h0EL9fZHiSOtZFNjNCJuxXvUy8V8vU4yUXP8JkAbRSiAT3vgpE3FiqCDLPGHCkZEoqwgNmaLE8JklmChmX0JkjBUmxhaZdeWtNrNO2vWad1WrP9Qrjdu8tSKcwTlcggfX0IB7aEILCEzgCV7g1Xl23px352O5WnDym1P4A+fzBwa7nuM=</latexit>



Big Picture

GI = (V,E,�)
<latexit sha1_base64="BWUtbo1kEbuXvCtUQto84gFRTJI=">AAACMHicbVDLSsNAFJ3UV42vqEs3g61QoZSkLnQjFEXUXQX7gCaWyXTaDp1kwsxEKCFbv8aVoN+iK3HrH7gzabOwrQcuHM65F849bsCoVKb5oeWWlldW1/Lr+sbm1vaOsbvXlDwUmDQwZ1y0XSQJoz5pKKoYaQeCIM9lpOWOLlO/9UiEpNy/V+OAOB4a+LRPMVKJ1DWgXrx+iGwPqSFGLLqNY3gOS83yVdkOhvS4qHeNglkxJ4CLxMpIAWSod40fu8dx6BFfYYak7FhmoJwICUUxI7Fuh5IECI/QgHQS6iOPSCeafBLDo0TpwT4XyfgKTtS/FxHypBx7brKZRpbzXir+66WK4pzJmQCR680FUv0zJ6J+ECri42mefsig4jBtD/aoIFixcUIQFjR5CeIhEgirpOO0K2u+mUXSrFask0r1rlqoXWSt5cEBOAQlYIFTUAM3oA4aAIMn8AxewZv2or1rn9rXdDWnZTf7YAba9y9q36g9</latexit>

Let be a network’s graphical representation induced by input I<latexit sha1_base64="5jVMX0ypj6YqZFaistvPIIWBV7A=">AAACH3icbVC7SgNBFJ2NrxgfWbW0GUwEq7AbCy2DNtpFMA9IljA7mU2GzGOZmRXCki+xEvRb7MQ2n2LnbLKFSTxw4XDOvXDuCWNGtfG8uVPY2t7Z3Svulw4Oj47L7slpW8tEYdLCkknVDZEmjArSMtQw0o0VQTxkpBNO7jO/80KUplI8m2lMAo5GgkYUI2OlgVsuVfscmTFGLH2cVUsDt+LVvAXgJvFzUgE5mgP3pz+UOOFEGMyQ1j3fi02QImUoZmRW6ieaxAhP0Ij0LBWIEx2ki+AzeGmVIYyksiMMXKh/L1LEtZ7y0G5mIfW6l4n/eplipGR6JUAa8rVAJroNUirixBCBl3mihEEjYVYWHFJFsGFTSxBW1L4E8RgphI2tNOvKX29mk7TrNf+6Vn+qVxp3eWtFcA4uwBXwwQ1ogAfQBC2AQQJewTv4cN6cT+fL+V6uFpz85gyswJn/AiDSopg=</latexit>

V = V0 t V1 t · · · t VL�1
<latexit sha1_base64="GtJve4XVWJVt+VDh3OwZVV/uyvY="></latexit>

where u 2 Vk, v 2 Vl
<latexit sha1_base64="wC26VOkrNRcI6NWnH5CX4bN6OQY=">AAACKXicbVDLSgMxFM3UV62vUVfiJtgRXEiZqQtdFt24rGAf0JYhk6ZtaB5DkimUofg1rgT9Fnfq1q9wZ9rOwrYeCJyccy+ce6KYUW18/9PJra1vbG7ltws7u3v7B+7hUV3LRGFSw5JJ1YyQJowKUjPUMNKMFUE8YqQRDe+mfmNElKZSPJpxTDoc9QXtUYyMlUL3pOAlsE0FrIdD7xJ6o+zDvNAt+iV/BrhKgowUQYZq6P60uxInnAiDGdK6Ffix6aRIGYoZmRTaiSYxwkPUJy1LBeJEd9LZCRN4bpUu7EllnzBwpv7dSBHXeswjO8mRGehlbyr+600VIyXTCwHSiC8FMr2bTkpFnBgi8DxPL2HQSDitDXapItiwsSUIK2pPgniAFMLGlluwXQXLzaySerkUXJXKD+Vi5TZrLQ9OwRm4AAG4BhVwD6qgBjB4As/gFbw5L8678+F8zUdzTrZzDBbgfP8CWIulIQ==</latexit>

and (u, v) 2 E
<latexit sha1_base64="Z6P2ePctyP7EcS/yRnlenXBSMao=">AAACHHicbVDLSgMxFM3UVx1fVZdugq1QQcpMXeiyKILLCvYB7VgyaaYNzSRDkimUof/hStBvcSduBT/FnZl2Frb1wIXDOffCucePGFXacb6t3Nr6xuZWftve2d3bPygcHjWViCUmDSyYkG0fKcIoJw1NNSPtSBIU+oy0/NFt6rfGRCoq+KOeRMQL0YDTgGKkjfRkl8rxxfgcdimHd6VeoehUnBngKnEzUgQZ6r3CT7cvcBwSrjFDSnVcJ9JegqSmmJGp3Y0ViRAeoQHpGMpRSJSXzFJP4ZlR+jAQ0gzXcKb+vUhQqNQk9M1miPRQLXup+K+XKloIphYCJH64FEgH115CeRRrwvE8TxAzqAVMm4J9KgnWbGIIwpKalyAeIomwNn3apit3uZlV0qxW3MtK9aFarN1kreXBCTgFZeCCK1AD96AOGgADCZ7BK3izXqx368P6nK/mrOzmGCzA+voFJaSg/A==</latexit>

only if k = l � 1
<latexit sha1_base64="rJqW0A30BnlwCPA4Krt621p9Rkc=">AAACF3icbVC7SgNBFJ31GddX1NJmMBFsDLux0EYI2lhGMA9JljA7mU2GzGOZmRXCkq+wEvRb7MTW0k+xczbZwiQeuHA4514494Qxo9p43rezsrq2vrFZ2HK3d3b39osHh00tE4VJA0smVTtEmjAqSMNQw0g7VgTxkJFWOLrN/NYTUZpK8WDGMQk4GggaUYyMlR7d8ugasnO/3CuWvIo3BVwmfk5KIEe9V/zp9iVOOBEGM6R1x/diE6RIGYoZmbjdRJMY4REakI6lAnGig3QaeAJPrdKHkVR2hIFT9e9FirjWYx7aTY7MUC96mfivlylGSqbnAqQhXwhkoqsgpSJODBF4lidKGDQSZiXBPlUEGza2BGFF7UsQD5FC2NgqXduVv9jMMmlWK/5FpXpfLdVu8tYK4BicgDPgg0tQA3egDhoAAw6ewSt4c16cd+fD+Zytrjj5zRGYg/P1C8Zrnzw=</latexit>

The edge weighting for edge �(u, v) = |wu!vhu|
<latexit sha1_base64="CN5qEFMILts1iuqW0UpNZjziw1M="></latexit>

(u, v) 2 E
<latexit sha1_base64="Z6P2ePctyP7EcS/yRnlenXBSMao=">AAACHHicbVDLSgMxFM3UVx1fVZdugq1QQcpMXeiyKILLCvYB7VgyaaYNzSRDkimUof/hStBvcSduBT/FnZl2Frb1wIXDOffCucePGFXacb6t3Nr6xuZWftve2d3bPygcHjWViCUmDSyYkG0fKcIoJw1NNSPtSBIU+oy0/NFt6rfGRCoq+KOeRMQL0YDTgGKkjfRkl8rxxfgcdimHd6VeoehUnBngKnEzUgQZ6r3CT7cvcBwSrjFDSnVcJ9JegqSmmJGp3Y0ViRAeoQHpGMpRSJSXzFJP4ZlR+jAQ0gzXcKb+vUhQqNQk9M1miPRQLXup+K+XKloIphYCJH64FEgH115CeRRrwvE8TxAzqAVMm4J9KgnWbGIIwpKalyAeIomwNn3apit3uZlV0qxW3MtK9aFarN1kreXBCTgFZeCCK1AD96AOGgADCZ7BK3izXqx368P6nK/mrOzmGCzA+voFJaSg/A==</latexit>

given by defines the filtration:

; ⇢ GI
0 ⇢ GI

1 ⇢ · · · ⇢ GI
N = GI

<latexit sha1_base64="dMDReS48uNmHKdKkEE0PwKwm918="></latexit>



Big Picture

The persistent structure of this network filtration relates to semantic information about 
the input. We hypothesize:

0 // H0(GI
0 )

✏✏

// H0(GI
1 )

✏✏

// · · · // H0(GI
N�1)

✏✏

// H0(GI
N )

0 // I0 // I1 // · · · // IN�1
// IN

<latexit sha1_base64="f9aIogEHNLYT1nrjEuOgToZEDKc="></latexit>

For some decomposition ; ⇢ I0 ⇢ I1 ⇢ · · · ⇢ IN = I
<latexit sha1_base64="1Toa7/oGm6RhkRkxNOHaff+oBqc="></latexit>

of input I 2 Rn
<latexit sha1_base64="/QillhNsaA3dtFAqMrtdVnh0aDo="></latexit>





MNIST FashionMNIST CIFAR10

Homology generator similarity mirrors image space similarity



Persistent subgraph structure is highly predictive for classification of input

Task-relevant information is retained by the generators



Future Work



Future Work

More Math 



0 // H0(GI
0 )

✏✏

// H0(GI
1 )

✏✏

// · · · // H0(GI
N�1)

✏✏

// H0(GI
N )

0 // I0 // I1 // · · · // IN�1
// IN

<latexit sha1_base64="f9aIogEHNLYT1nrjEuOgToZEDKc="></latexit>

Different 
architectures

New complex 
constructions

Structure-preserving 
scaling

https://www.ayasdi.com/blog/bigdata/understanding-distinction-clustering-tda/



0 // H0(GI
0 )

✏✏

// H0(GI
1 )

✏✏

// · · · // H0(GI
N�1)

✏✏

// H0(GI
N )

0 // I0 // I1 // · · · // IN�1
// IN

<latexit sha1_base64="f9aIogEHNLYT1nrjEuOgToZEDKc="></latexit>

Input space 
homology

Sheaf-like 
constructions

https://www.ayasdi.com/blog/artificial-intelligence/using-topological-data-
analysis-understand-behavior-convolutional-neural-networks/

Hp(I)
<latexit sha1_base64="4JQlUzUtVFj79RSQaRsMJgUC8iQ=">AAACTXicbVHLTsJAFJ3iA8QX4NJNI5jgQtLiQpdEN7jDRB4JNM10GHDCtNPM3Bqw4Vfc6t+49kPcGeMUWFjwJJOcnHNvcu4ZL+RMgWV9Gpmt7Z3dbG4vv39weHRcKJY6SkSS0DYRXMiehxXlLKBtYMBpL5QU+x6nXW9yl/jdZyoVE8EjzELq+HgcsBEjGLTkFkqVphtWBz6GJ4J5fD+/qLiFslWzFjA3ib0iZbRCyy0a5cFQkMinARCOlerbVghOjCUwwuk8P4gUDTGZ4DHtaxpgnyonXoSfm+daGZojIfULwFyofzdi7Cs18z09maRU614i/uslCgjBVSpADGzyckmG6VSYcyeeztKTnr8WHUY3TsyCMAIakGXyUcRNEGZSrTlkkhLgM00wkUwfb5InLDEB/QF5Xau9XuIm6dRr9lWt/lAvN25XBefQKTpDVWSja9RATdRCbUTQFL2iN/RufBhfxrfxsxzNGKudE5RCJvsLV2CzlA==</latexit>

Visualization & 
Regularization

https://www.math.upenn.edu/~jhansen/publications/gentleintroduction.pdf



More Info

Adversarial Examples Target Topological Holes in Deep Networks T Gebhart, P 
Schrater - arXiv preprint arXiv:1901.09496, 2019

Email: gebhart@umn.edu
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